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Let E be a Banach space, M be a bounded closed subset of E, and ¢ be a
bounded continuous functional defined on the set E. If E is an infinite-dimensional
Banach space, the set M may cease to be a compact set, and the continuous func-
tional ¢(x), x € M, may have no maximal and minimal points in the set M. Thus,
we have a problem how to find such continuous extension of the functional ¢ from
the set M on some new set M (M C M, M ¢ E) that there exist “generalized
extremal elements” Tmagz, Tmin € M for the extended functional @. This problem
can be solved in the following way. Consider the simplest case when M is the unit
ball S1(E) of the space E. Let the Banach space E be densely and compactly
embedded in a Banach space F. Then the conjugate Banach space F'* is embedded
in the Banach space E*. Let S1(E) be the closure of the unit ball S1(E) C E in
the space F. Since E C F is a compact embedding, the set S1(F) is a compact set
in the space F. Thus, there exists such an element z* € S1(E) C F that

[fllzs = sup [f(z)] = sup [f(x)]=[f(z")]

z€S1(E) z€51(E)

as the restriction of the functional f € F* from the set F' on the set Si(E) is a
continuous functional. So the elements z* € F* and (—z*) € F™* are generalized
extremal elements for the following problems

f(z) —» max (min), =€ Si(E).

Observe that if the Banach space E is not a reflexive space, then by James’
theorem there exists such a functional f € E* that f € E* has no maximal and
minimal points in the unit ball S1(F). In the case when this functional f is a
member of F* there exists a generalized maximal (and minimal) element Z* in the

set S1(F) C F*. Moreover, we can specify such an intermediate Banach space H
(E C H C F), namely

H={zeF|3R>0,z, € E:|zplg <R,z —z|lr — 0},
lz||g =inf{ReR |3z, € E: ||zn||lg < R, ||zn —z|lFr — 0},

that z* € H.
To realize this plan we need the following theorem

Theorem 1. For every separable Banach space E there exists such a separable
Banach space F' that the space E is embedded in the space F' densely and compactly.
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